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Reading time — 10 minutes

Instructions . Working time - 3 hours

+ Write using black pen
« Calculators approved by NESA may be used
+ A reference sheet is provided at the back of this paper

 For questions in Section Il, show relevant mathematical reasoning
and/or calculations

Total marks: Section | - 10 marks (pages 2-5)

100

1400

+ Attempt Questions 1-10
« Allow about 15 minutes for this section

Section Il - 90 marks (pages 6-14)

+ Attempt Questions 11-16
« Allow about 2 hours and 45 minutes for this section



Section I
10 marks
Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 What is the length of the vector —i +18j —6k?

A5

B 19
C. 25
D. 361

2 Given that z=3+i is a root of z° + pz + q =0, where p and ¢ are real, what are the
values of p and ¢ ?

A. p=-6, ¢g=+10
B. p=-6, ¢g=10
C. p=6, ¢=+10
D. p=6, ¢g=10

1 -2
3 What is the Cartesian equation of the line r = (3) + l[ j ?

4
A, 2y+x=7
B. y-2x=-5
C. y+2x=5
D. 2y—-x=-1



4

The diagram shows the complex number z on the Argand diagram.

A
\\.\Z
0 -
2
Which of the following diagrams best shows the position of ﬁ?
Z
A. A B. A
0 > 0 >
C A D. A
O > . O >




A particle undergoing simple harmonic motion has a maximum acceleration of 6 m/s’
and a maximum velocity of 4 m/s.

What is the period of the motion?

A
B =~

3
C. 3z
p.

3

) .. 1
Which expression is equal to | ———————dx ?
x“+4x+10

A Ltan_l()ﬁ—2j+c
G V6

2
B. tan_l(xjg )+c

c. L x+2-=v6),
276 | x+2+6

D. lnﬂ-fc
x+2+6

Consider the proposition:
‘If 2" —1 is not prime, then n is not prime’.

Given that each of the following statements is true, which statement disproves the
proposition?

A 22-1is prime

B. 2%-1 isdivisible by 9

C. 2'-1is prime

D. 2M—1 is divisible by 23
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Consider the statement:
‘If n 1s even, then if »n is a multiple of 3, then » is a multiple of 6’.
Which of the following is the negation of this statement?

A. nisodd and n is not a multiple of 3 or 6.
n is even and n is a multiple of 3 but not a multiple of 6.

If n 1s even, then n is not a multiple of 3 and » is not a multiple of 6.

o 0w

If n 1s odd, then if # is not a multiple of 3 then »n is not a multiple of 6.

What is the maximum value of |e'® — 2‘ +]ef + 2’ for 0<60<2n?
A 5
B. 4
C. 25
D. 10
2a
Which of the following is equal to J S(x)dx?
0
ra
A. S(x)— f(2a—x)dx
/0
ra
B. S(x)+ f(2a—x)dx
JO

C. ZJ Sf(x—a)dx



Section I1

90 marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

For questions in Section II, your responses should include relevant mathematical reasoning

and/or calculations.

Question 11 (16 marks) Use the Question 11 Writing Booklet

(a)

(b)

(c)

(d)

(e)

Consider the complex numbers w=—-1+4i and z=2—1i.
(i) Evaluate |w|.

(i1) Evaluate wz.

e

Use integration by parts to evaluateJ xInxdx.
1

A particle starts at the origin with velocity 1 and acceleration given by
a=vi+v )
where v is the velocity of the particle.

Find an expression for x, the displacement of the particle, in terms of v.

Consider the two vectors u =-2i— j+3k and v = pi+ j+2k.

For what values of p are u — vy and u + v perpendicular?

Solve 22 +3z+ (3 -1i) =0, giving your answer(s) in the form a + bi, where a
and b are real.



Question 12 (14 marks) Use the Question 12 Writing Booklet

(a) A 50-kilogram box is initially at rest. The box is pulled along the ground with a
force of 200 newtons at an angle of 30° to the horizontal. The box experiences
a resistive force of 0.3R newtons, where R is the normal force, as shown in the
diagram.

Take the acceleration g due to gravity to be 10 m/s?.

R
A

200
/

30°

0.3R =

\

50g

(1) By resolving the forces vertically, show that R = 400.
(i1)) Show that the net force horizontally is approximately 53.2 newtons.

(iii)) Find the velocity of the box after the first three seconds.

Question 12 continues on page 8



Question 12 (continued)

(b) A particle is projected from the origin with initial velocity # m/s at an angle 6

to the horizontal. The particle lands at x = R on the x-axis. The acceleration

vector is given by a = (

), where g is the acceleration due to gravity. (Do

NOT prove this.) N
Y
u
0 -
R X
(1) Show that the position vector r(¢) of the particle is given by

(ii)

(iii)

utcos@

r(t) = 1
(1) utsin@—agt2

Show that the Cartesian equation of the path of flight is given by

o2 2
yzg—x2 tanZG—ZLtan0+l .
2u 8X

Given u” > gR, prove that there are 2 distinct values of 8 for which the
particle will land at x = R.

End of Question 12



Question 13 (15 marks) Use the Question 13 Writing Booklet

(a)

(b)

(c)

(d)

A particle is undergoing simple harmonic motion with period % The central
point of motion of the particle is at x =~/3. When 7= 0 the particle has its

maximum displacement of 2+/3 from the central point of motion.

Find an equation for the displacement, x, of the particle in terms of z.

Consider the two lines in three dimensions given by

3 1 3 -2
r=|-1{+4|2| and r=|-6|+4,| 1
7 1 2 3

By equating components, find the point of intersection of the two lines.

(i) By considering the right-angled triangle below, or otherwise,
a+b

prove that =+ab, wherea>b=0.

a+b

L[]

X

(i1)) Prove that p2 + 4q2 >4pq.

(i) Show that for any integer n, ¢+ 7% = 2cos(n#).

. 4
(il) By expanding (e’e + e"’g) , show that
cos*6 = % (cos (40) + 4cos(20) + 3).

T

2
(ii1) Hence, or otherwise, find J cos*0de.
0



Question 14 (16 marks) Use the Question 14 Writing Booklet

in

(a) Letz, be a complex number and let z, =e 3 -

The diagram shows points A and B which represent z; and z,, respectively, in
the Argand plane.

(1) Explain why triangle OAB is an equilateral triangle.

. 2, .2
(i) Prove that z,” +2," =7,2,.

(b) A particle starts from rest and falls through a resisting medium so that its
acceleration, in m/sz, is modelled by

a= 10(1 - (kv)z),
where v is the velocity of the particle in m/s and k£ = 0.01.

Find the velocity of the particle after 5 seconds.

(c) Prove by mathematical induction that, forn =2,

1 1 N 1<n—1
22 32 n? no

(d)  Prove that for any integer n > 1, log (n +1) is irrational.

~10 -



Question 15 (13 marks) Use the Question 15 Writing Booklet

(a) In the set of integers, let P be the proposition:
‘If k+1 is divisible by 3, then k> + 1 is divisible by 3’.
(i) Prove that the proposition P is true.
(ii)) Write down the contrapositive of the proposition P.

(iii) Write down the converse of the proposition P and state, with reasons,
whether this converse is true or false.

Question 15 continues on page 12

—11 =



Question 15 (continued)

(b) The point C divides the interval AB so that % =" The position vectors of A
n

and B are g and b respectively, as shown in the diagram.

C

9)
(i) Show that AC = ——(b—a).
m+n
(i) Prove that OC = ~ a+ L b.
m+n m+n

Let OPQR be a parallelogram with OP = p and OR = r. The point § is the

midpoint of QR and T is the intersection of PR and OS, as shown in the diagram.

Q

(iii) Show that OT =

r+

SSH S

(iv) Using parts (ii) and (iii), or otherwise, prove that 7 is the point that
divides the interval PR in the ratio 2: 1.

End of Question 15

—12 —



Question 16 (16 marks) Use the Question 16 Writing Booklet
(a) Two masses, 2m kg and 4m kg, are attached by a light string. The string is
placed over a smooth pulley as shown.

The two masses are at rest before being released and v is the velocity of the
larger mass at time ¢ seconds after they are released.

The force due to air resistance on each mass has magnitude kv, where k is a
positive constant.

(i) Show that & = &M=k
dt 3m

(i1)) Given that v < %, show that when t=37mln2, the velocity of the

larger mass is &
2k

Question 16 continues on page 14
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Question 16 (continued)

T

2
(b) Let I, :J sin®"1(20)d6, n=0,1,....
0

. 2n
(i) Provethat [ = mln—l , n=>1.
2n | 2
(i1) Deduce that I = M
" (2n+1)!

1
Let anj x"(1-x)"dx, n=0,1,2,....
0

(iii)  Using the result of part (ii), or otherwise, show that J, =

(iv) Prove that (2"n!)2s (20 +1)1.

End of paper

— 14—

(n!)*

(2n+1)!"
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REFERENCE SHEET
Measurement Financial Mathematics
Length A=P(l+r)
[ = i X 27r
360
Sequences and series
Area
A= s T,=a+(n-1)d
360
A=ﬁ(a+b) Sn:g[2a+(n—1)d]:g(a+l)
Surface area T =aqr!
A =272 + 2nrh
all-r" alr'*-1
A = 47r? S = ( ): ( ),r;tl
n 1-r r—1
Volume
a
V=1an S=q Il
3
V= i75;’3
3
Functions Logarithmic and Exponential Functions
_ —b++/b* —4ac log,a* = x = %8>
2a
log, x
For ax> +bx>+cx+d=0: logax = logba
b
o+ ﬁ Tr= _E X xlna

C
af +ay+ fy="

and affy = —g

Relations

(o + -4 =

1391

}’2

a e




Trigonometric Functions

sinA =%, COSA:a—d‘]’ tan A =ﬂ
hyp hyp adj
1
A =—absinC o
2 J2 45
a b c
= = 450
sinA sinB sinC —IE
c?=a*+b*-2abcosC
2 2 2
a+b°—c
cosC=——— o
2ab 30
2
=16
A= %rZQ 60°
1

Trigonometric identities

secA = , cosA#0

COS

cosecA = , sSinA #0

Sin

COSA
COtA =

S

, sinA #0

2

cos?x + sinZx = 1

Compound angles
sin(A + B) = sinAcos B + cos Asin B

cos(A + B) = cosAcos B — sinAsin B

tan(A N B) _ tanA + tan B
l—tanAtan B
If tztané then sinA = 2
2 1+ ¢
1— 2
COSA = !
1+ ¢
tanA = 2
1-¢

cosAcosB = %[COS(A — B) +cos(A + B)]
sinAsinB = %[cos(A —B) —cos(A + B)]
sinAcosB = %[sin(A + B) + sin(A - B)]

cosAsinB = %[sin(A + B) — sin(A - B)]

sin’nx = %(1 — cos 2nx)

cos’nx = l(1 + cos 2nx)

Statistical Analysis

An outlier is a score

o less than O, — 1.5 X IQR
or

more than Q5 + 1.5 X IQR

Normal distribution

e approximately 68% of scores have
Z-scores between -1 and 1

e approximately 95% of scores have
Z-scores between -2 and 2

e approximately 99.7% of scores have
z-scores between -3 and 3

E(X)=pu
Var(X) = E[(X - )] = E(x?) - u?

Probability

P(AnB)=P(A)P(B)
P(AUB)=P(A)+P(B) - P(ANB)
P(A|B) = %, P(B)#0

Continuous random variables

P(X<r)= J S(x)dx

b
Pla< X <b) =J F(x)dx

Binomial distribution
P(X=r)="Cp'(1-p)""
X ~ Bin(n, p)
= P(X=x)

- (Z)px(l PP x=0,1, ...
E(X) =np
Var(X) = np(1-p)

, n



Differential Calculus

Function

y=f(x)"

y = g(u) where u= f(x)

y =sin f(x)
y = cos f(x)
y =tan f(x)
y=e/®

y=1Inf(x)
y=a/®

y=log, f(x)

y=sin"! £(x)

y=cos™ f(x)

y= tan_lf(x)

Derivative
d , _
=/ @
x
dy dv du
—=u—+v—
dx dx dx
dy _dy du
dx du dx
Jdu_ dv
ﬂ _dx dx
dx V2

? = (x) cos f(x)
X

? = () sin ()
X

D p)sec? f(x)
dx

L= e’
&y _ S
dx )

L (ina) //(x)a’™
dx

& F
dx (Ina)f(x)

dy __ f(x)

dx 1—[f(x)]2

dy _ f'(x)

dx 1—[f(X)]2

dy _ f'(x)
dx 1+[f(x)]2

Integral Calculus

J SO =[] e

where n # —1

J'(x)cos f(x)dx =sin f(x)+c

J

Jf’(x)seczf(x)dx =tan f(x)+c

~

f’(x)ef(x)dx =/

PM X = X)|+c
J f(x)d In| £(x)|+

( f(x)
f’(x)af(x)dx S
J Ina

+c

/(%)
a>-[f))

dx = sin

(8

J—f'(x) dx = ltan‘lM-% c
612 +[f(x)]2 a a

b
J Sf(x)dx

b—a
2n

where a = x,, and b= X,

J(x)sin f(x)dx = —cos f(x)+c

_1@+c

{f&ﬁ%;f@0+2[j(ﬁ)+-n—kf(

xn—l

)



Combinatorics

Vectors
‘gt‘:‘x£+y2‘ =\/x2+y2

u-y=[ul[y|cosd =xx, + 3,7,
where u = xji +yj

and y=x2£+y21

r=a+i

1S

Complex Numbers

z=a+ib=r(cosf+isinh)
= re'?
[r(cos 0 + isin 9)]" =r"(cosnf + isinnb)

— rnelne

Mechanics

a2 dr dx drl2’

Lx_dv_ dv_ (1)
x=acos(nt+0/)+c
x=asin(nt +a) + ¢

i=-n*(x-c)
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